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A B S T R A C T

Designing a machine tool that simultaneously satisfies the requirements of high rigidity, large dexterous
workspace and small footprint is challenging. This paper proposed a redundant hybrid manipulator as a machine
tool with these features. The design attempted to integrate the advantages of a PKM (parallel kinematic me-
chanism), SKM (serial kinematic mechanism) and redundancy mechanism. The geometric parameters of the
manipulator were elaborately tuned to overcome intrinsic and extrinsic singularities with an optimal machining
plane. High-accuracy and complex-shape machine results have been experimentally verified. The advantage is
the ability to shorten the required strokes of the linear actuators effectively. This change not only improves the
performance in terms of rigidity, accuracy and dynamics of the entire mechanism but also reduces the cost of the
materials and the performance ratio. The second is to decrease the overall machinery-footprint-to-workspace
ratio and lower the manufacturing cost via occupied floor space reduction and layout flexibility of the pro-
duction line.

1. Introduction

Five-axis machine tools are the most commonly equipped for arbi-
trary-shape machining purposes [1]. One of the classifications is based
on their spatial structure and categorized into serial kinematic ma-
chines (SKMs), parallel kinematic machines (PKMs) and hybrid kine-
matic machines (HKMs). SKMs are the most popular type and feature
kinematics and control simplicity. Massive mass is usually necessary for
the links to provide stiffness, and the machining dynamics may subse-
quently be limited by the large inertias [2–4]. PKMs are particularly
proposed for low ratios of strength-to-weight. A PKM is constructed by
close-chains so that the tool is supported and actuated simultaneously
by multi-limbs to accomplish highly dynamic performance [5–6].
However, the topology also suffers from its complex and small work-
space, kinematic singularities and inconsistent dexterity. The large
footprint of PKM also limits the installation flexibility in manufacturing
layout [7–8]. Therefore, the issue of fulfilling all the requirements of
accuracy, high rigidity, large dexterous workspace and small footprint-
to-workspace ratio still remains for complex-shape machining purposes.

A hybrid structure of SKM and PKM emerged to leverage the ad-
vantages of both types of kinematics. Many combinations of mechanism

structures have evolved, such as (1) PKM cascaded SKM [9], (2) PKM
cascaded to SKM [10], (3) PKM and SKM separated to the gantry and
base, respectively [11]. The HKM can also be classified by taking into
account the machining functionalities, such as (1) the method of posi-
tioning the tool's translation and orientation using PKM or SKM [9] and
(2) the mounting arrangement of tool and workpiece on PKM or SKM
[12]. A hybrid structure generally improves both the footprint-to-
workspace ratio and dynamic performance. However, the issues of
dexterity and singularity avoidance still remain. Therefore, studies on
utilizing either actuation or kinematic redundancy to improve the
dexterity and singularity avoidance of PKMs have been presented [13].
Actuation redundancy is to actuate some of the existing passive joints in
kinematic chains through sophisticated force control so that the stiff-
ness of the end-effector and the force transmission of kinematic chains
can be modulated [14–15]. Kinematic redundancy introduces an extra
degree of freedom of the kinematic chain so that optimization in term of
singularity avoidance can be accomplished [16–17]. The energy con-
sumption could also be considerably reduced [18]. More solutions may
be investigated in the aspects of topological variations or control stra-
tegies by regarding a parallel robot as a special case of multiple serial
robot coordination [19]. Particularly soft computing techniques in
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recent year have shown promising results in kinematic control for en-
ergy consumption minimization of a redundant manipulator [20]. In
summary, hybrid structure and redundancies are of high potential for
elevating the overall performance of machine tools. However, the in-
tegrated investigation of maximizing the benefit of redundant axes
combined with hybrid structure mechanism design for the above issues
is still not completely addressed, such as (1) optimizing the footprint
and limb inertia and (2) elimination of internal singularities related to
ball joint design.

This paper proposes a gantry-type HKM with a vertical-axis (or Z-
axis) redundancy. The HKM combines a 3-DOF PKM with a 3-DOF
Cartesian SKM, where the tooling is mounted on the PKM and the
workpiece on the SKM. The Z-axis redundancy on the SKM allows the
PKM to operate on the optimal working plane where the maximal
workspace can be obtained. Moreover, the ball joint was added with a
compensation block, of which the mounting angle can be elaborately
chosen to remove internal singularities. The kinematic parameters of
limbs were optimized to meet the requirements to maximize the foot-
print-to-workspace ratio and minimize the limb size. The concept was
verified by a prototype for machining a workpiece with free curve. The
remainder of the paper is organized as follows: (1) description of the
overall mechanism structure; (2) kinematic model for singularity ana-
lysis; (3) optimization of the link and joint parameters to maximize the
workspace; (4) redundancy controller design; and (5) verification by
simulation and experiment.

2. Overall structure

The hybrid redundant manipulator is composed of a 3-DOF PKM
and 3-DOF SKM (Fig. 1). The 6-DOF manipulator is arranged with 1-
DOF redundancy in the Z-axis for 5-axis machining purposes. The 3-
DOF PKM is of RPS type with a linear actuator on each limb, and the 3-
DOF SKM is with a linear actuator in the X-, Y-, and Z-axis, respectively.
The spindle is mounted on the moving platform of the PKM, whereas
the workpiece is on the counterpart of the SKM. The PKM's base is fixed
to the gantry of the SKM's base. The hybrid redundant manipulator

performs the rotational motions in the C-axis and A-axis independently
via PKM and the translational motion in the X, Y and Z-axis via the PKM
and SKM together.

2.1. Kinematics of the PKM

The RPS-PKM (Fig. 2) consists of a base {B}, a moving platform {M}
and three connected linear actuators {L}= {(l1, l2, l3)T}. The tool pose

Fig. 1. Schematic of the hybrid redundant machine tool.

Fig. 2. Schematic of the PKM kinematics.
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TM
B is derived to associate with the linear actuator variables (l1, l2, l3)T

as follows. Let =T
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2.2. Kinematic singularity analysis

The RPS-PKM singularities are divided into two categories: (1)
boundary singularity and (2) intrinsic singularity. The boundary sin-
gularity is associated with the reachable workspace by the end-effector
of the mechanism. The reachable workspace consists of all the poses of
the end-effector poses that have real solutions l1–l3 from Eqs. (2)–(4)
within the stroke range of linear actuators. Therefore, the size of the
reachable workspace is dependent on the diameter ratio r/R of the
moving and base platform and the stroke S of the linear actuators.
Generally, a small diameter ratio r/R and large stroke S of the linear
actuators lead to a large workspace.

The intrinsic singularity is associated with certain special postures,
at which an additional degree of freedom occurs and rigidity is lost. The
intrinsic singularity of a PKM can be found from the Jacobian of the
kinematic equation. Taking the derivative of Eq. (1), we have:

+ =
f
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x
f
q

q 0p p

(5)

or =x J qp , where =J J Jpx pqp
1 , =Jpx

f
x
p , and = = IJpq

f
q
p . In other

words, there are no forward kinematic singularities because =J Ipq . Only
inverse kinematic singularities exist, i.e., =J 0px

f
x
p , where those

poses possess any sufficiently small eigenvalues of Jpx.

= =qz f z q q q{( , , ) ( , , ) 0, }fp m c a p inv m c a, Min Max (6)

Γfp is shown in Fig. 3 as the red lines of a triangle, and the PKM loses the
rigidity of the mechanism at these singular points.

2.3. Singularities of serial limbs

The RPS-PKM gets stuck if any of the serial limbs reach singularities.
These singularities can be allocated by finding the Jacobian's singu-
larity. Let the kinematic equation for each limb be represented by

= =f x q x f q( , ) ( ) 0s i i i s i fwdk i, , , , where x = fs,i,fwdk(qi) is the forward
kinematics of limb i, i = 1, …6, x is the Cartesian coordinate of the
endpoint of limb i, and qi represents the angles of the passive joints of
limb i. Taking the derivative of the kinematic equation yields:
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The singular configuration of the serial limb can be found when the

Jacobian matrix Js,i(Zm, θc, θa) is singular. The equation can be de-
scribed as Eq. (9)

=cos sin sin sin 02
3

2
3

2
5 6 (9)

where cosθ3 = 0 or sinθ3= 0 indicates that the PKM degenerates the
motion to only translation in the vertical or horizontal direction;
sinθ5= 0 to a planar motion; and sinθ6= 0 causes a self-motion of θ5.
The yellow regions in Fig. 4 demonstrate such singular regions.

These limb singular regions are not allowed inside the reachable
workspace. The location of limb singularity can be removed by
choosing appropriate initial angles of the ball joint of PKM.

2.4. Mechanism parameter optimization

The tool posture (z, θc, θa) is determined by the geometry dimen-
sions of PKM, including the radius r of the moving platform, radius R of
the base platform, stroke S of the limb, limits of limbs [LMIN, LMAX] and
rotational angle limit αMAX. First, boundary singularities are found by:

=

= =
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z z z

0 2
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Max m c a Min m c a
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where (CBS,ABS,zBS) represents the workspace, of which the typical
shape is shown in Fig. 5. The working region of the C–A angle varies as
the altitude Z changes and reaches its maximal region at an optimal
altitude Z0. The plane on this specific altitude is defined as the optimal
machining plane.

The design procedure of the geometric parameters of the me-
chanism, including the three serial limbs, the connection blocks and the
moving and base platforms, can be summarized as follows.

Step 1: Determine the minimal required radius r of the moving
platform to mount the spindle.

Step 2: Determine the r/R and S for the maximal reachable work-
space from eq. (10).

Step 3: Determine the optimal machining plane Z0 to achieve the
maximal rotational angle θa and θc. Step 4: Determine the mounting
angles of the compensation blocks to remove limb singularities.

2.5. Redundancy control strategy

A redundancy control is employed once a hybrid redundant me-
chanism is accomplished. The 5-DOF Cartesian command (xm, ym, zm,
θc, θa) was first sent to the redundancy controller, where the transla-
tional displacement in the X-, Y- and Z-axis of the SKM was used to
compensate the corresponding translations of the PKM. If the transla-
tion of the PKM's effector is (xt, yt, z0), then the translational outputs of
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the SKM are computed as:
=x x xw m t (11)

=y y yw m t (12)

=z z zw m 0 (13)

where xt and yt are the X- and Y- axis coordinates of the PKM associated
with θc and θa:

=x r c c a s a0.5 ( 2 ( 1) 2 (c 1))t c c (14)

=y rc cs c c a( 1)t (15)

Once the Cartesian commands for the PKM and SKM have been
determined, the joint command for each actuator is calculated based on

the inverse kinematics for each joint controller. The overall control
structure is shown in Fig. 6. where the coordinate control may be im-
plemented by a two-degree-of-freedomH∞feedback control, and a dis-
turbance observer is adopted [21].

3. Results and discussions

The design optimization procedure was, first of all, to decide the
spindle motor capacity and desired footprint of the machine tool. The
spindle motor (ER16(36D)), Microlab Precision Inc., Taiwan) used in
the prototype has an outer diameter of 80 mm. The radius r of the
moving platform was chosen as 103 mm to avoid any interference be-
tween the spindle and the mounting plates of ball joints (as illustrated
in Fig. 7).

The next step is to optimize the PKM's geometric dimensions so that
the maximal dexterous workspace and absence of singularities can be
achieved. These geometric parameters include (1) the moving vs. base
platform radius ratio r/R, (2) the stroke of the linear actuator S, (3) the
optimal machining plane Z0, and (4) the mounting angle of ball joint α.

Fig. 8(a) demonstrates the simulated results of the workspace vo-
lume dependent on the r/R ratio and joint angle limits. A large work-
space volume can be obtained by selecting a large joint angle limit and
small r/R ratio. For example, if the joint angle limit is chosen as 90° and
r/R as 0.40 as shown by the red arrow in Fig. 9(a), the workspace vo-
lume is approximately 37.5 ×(( ) 10 mm )R

V
3 4 3 . Subsequently, the S/R

ratio is required to be at least 0.53 from Fig. 8(b). In this case, the r was
designed as 103 mm, and therefore the radius R of the base frame and
stroke S of linear actuators were 256 mm and 136 mm, respectively.
The following step is to determine the optimal machining plane z= Z0
(as in Fig. 5), on which the maximal area in the rotational angles of θc
and θa working space can be achieved. From the iterative algorithm,
Z0 = 508 mm was found, and = + =L Z R r( ) 528.2o o

2 2 mm,
= + =L L S 596.2MAX o

1
2 mm and = =L L S 460.2 mmMIN o

1
2 could be

subsequently determined. Fig. 9 shows that the rotational angle can be
significantly increased from 17.5° up to 46° if the PKM can be operated
on the optimal machining plane.

Fig. 3. Coordinate systems for forward kinematics analysis of the PKM limbs. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Fig. 4. Singularity classifications of the PKM.
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3.1. Singularity removal

It is mandatory that a PKM inside its workspace be singularity-free.
Otherwise, the mechanism will lose its rigidity or get stuck at these
points. The derived Eqs. (6) and (7) are simulated to allocate the sin-
gularities from the mechanism and limbs. Fig. 10 shows that limb sin-
gularities occur inside the workspace if the connecting block of the limb

is directly attached to the moving platform. Therefore, the rigidity of
the mechanism became very poor at these regions (shown in red in
Fig. 10). We observed that these singularities occur because the passive
joints reached their joint limits as the end-effectors of these limbs are
required to provide the calculated positions from the inverse kinematics
of the PKM. Because the orientation of the end-effector is not specified
from the inverse kinematics, orientation is a free vector for adjustment.

Fig. 5. Workspace of PKM and determination of the optimal plane.

Fig. 6. Overall control structure of the redundant hybrid manipulator.

Fig. 7. Determination of the moving platform size.
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Fig. 8. (a) Workspace size vs. r/R and joint angle limit (b) workspace size vs. S/R.

Fig. 9. Rotational angle of the tool can be increased from 17.5° to 46° when the tool tip on the parallel mechanism is constantly maintained on the optimal plane
z = 505 mm. (For interpretation of the references to colour in the text legend, the reader is referred to the web version of this article.)

Fig. 10. Singularity analysis of the PKM: boundary singularity BS (black line), forward kinematic singularity FKS (blue line) and limb singularity RJS (red region).
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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From the simulation of the orientation of the end-effector and the an-
gles of the passive joint of these limbs, we found that these angles were
within small ranges with offset angles. If we assigned the orientation of
the end-effectors located near these offsets, then the limbs were able to
cause any singular configuration with the workspace.

Fig. 11 shows that we assign the offset angles as −45° and attach
additional compensation blocks with −45°to connect the limbs and
moving platform (as shown in Fig. 11(a)). Fig. 11(b) demonstrates that
the singularity regions (in red) were out of the workspace (as shown in
Fig. 11(b)). The iterated simulation thus enables the optimal orientation
angle of the compensation block to be found so that the absence of both
mechanical part interference and singularities can be met for the PKM

in the entire workspace.
An experiment has also been performed to machine a knee joint

implant phantom with a complex curved surface (Fig. 12). The curved
surface required a spatial trajectory for which the machine tool rotated
the cutter in the A-axis by at least 45° while simultaneously translating
at least 60 mm along the X- and Y-axes and 50 mm along the Z-axis.

3.2. Overall evaluation of the traditional 5-axis and the proposed redundant
machine

The advantages of the proposed redundancy design are two-fold.
One is to shorten the required strokes of the linear actuators effectively.

Fig. 11. (a) The compensation block with a 45° initial angle (b) the final workspace (cream-colored region) without inner singularities by introducing compensation
blocks at the joints. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Machining a customized curved surface.
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This change not only improves the performance in terms of rigidity,
accuracy and dynamics of the entire mechanism but also reduces the
cost of material. The second is to decrease the overall machinery
footprint. The small machinery footprint brings lower manufacturing
cost by reducing the occupied floor space and increasing the layout
flexibility of the production line. Fig. 13 shows the comparison results
of the footprint under the same working space.

We simulated the dimensions for a traditional PKM to achieve the
same workspace for the proposed redundant robot. The required stroke
of linear actuators was calculated as 545 mm for a traditional PKM. The
result shows that the stroke can be reduced by one fourth, i.e., down to
136 mm, for a linear actuator. Although an additional linear actuator is
needed for the redundant Z-axis, the overall costs are still far less than
those of the traditional counterpart. Moreover, the required diameter of
the base platform calculated from the simulation was 375 mm, which
was also one and a half times that of the 250 mm of the proposed re-
dundant machine tool. Therefore, the redundancy structure produces a
small volume of the PKM that enables an overall footprint that is less
than that of the non-redundant counterpart.

4. Conclusion

This paper provides a systematic approach for a 5-axis machine tool
to achieve a small footprint-vs.-machining-workspace ratio. A hybrid
PKM and SKM with one kinematic redundancy in the Z-axis was pro-
posed to set up an optimal machining plane to maximize the machining
workspace and orientation angles. The compensation angles of the
connecting block were appropriately adjusted to remove all limb sin-
gularities of serial limbs from the workspace of the PKM. The design
concept was verified by a prototype. The results show that the ma-
chining angle can increase from 17.5° to 46.6°, while the strokes of the
3 linear actuators were reduced to only one fourth their previous value,
from 545 mm to 136 mm; the diameter of base was also reduced to two
thirds of the previous size, from 375 mm to 250 mm for the PKM.
Therefore, the dynamic performance has high potential to be improved
at the same time. In the future, dynamics characteristics will be in-
vestigated from the dynamic control perspective to compare with either
its parallel or serial counterpart.
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